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Abstract

The concept of using piezoelectric transducer circuitry with tunable inductance has been recently proposed to enhance

the performance of frequency-shift-based damage identification method. While this approach has shown promising

potential, a piezoelectric circuitry tuning methodology that can yield the optimal damage identification performance has

not been synthesized. This research aims at advancing the state-of-the-art by exploring the characteristics of inductance

tuning such that the enrichment of frequency measurements can be effectively realized to highlight the damage occurrence.

Analysis shows that when the inductance is tuned to accomplish eigenvalue curve veering, the change of system eigenvalues

induced by structural damage will vary significantly with respect to the change of inductance. Therefore, by tuning the

inductance near the curve-veering range, one may obtain a family of frequency response functions that could effectively

reflect the damage occurrence. When multiple tunable piezoelectric transducer circuitries are integrated to the mechanical

structure, multiple eigenvalue curve veering can be simultaneously accomplished, and a series of inductance tunings can be

formed by accomplishing curve veering between different pairs of system eigenvalues. It will then be shown that, to best

characterize the damage occurrence, the favorable inductance tuning sequence should be selected as that leads to a

‘‘comprehensive’’ set of eigenvalue curve veering, i.e., all measurable natural frequencies undergo curve veering at least

once. An iterative second-order perturbation-based algorithm is used to identify the locations and severities of the

structural damages based on the frequency measurements before and after the damage occurrence. Numerical analyses on

benchmark beam and plate structures have been carried out to examine the system performance. The effects of

measurement noise on the effectiveness of the proposed damage identification method are also evaluated. It is

demonstrated that the damage identification results can be significantly improved by using the variable piezoelectric

transducer circuitry network with the favorable inductance-tuning scheme proposed in this research.

r 2007 Elsevier Ltd. All rights reserved.
1. Introduction

Due to its importance for various engineering systems, research on structural health monitoring [1] has been
performed extensively in recent years. Among the different damage detection approaches, the vibration-based
methods [2–4] have been quite popular. The basic idea of vibration-based damage identification is that damage
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Nomenclature

D
ð1Þ
k coefficient of the first-order perturbation

term for the kth system eigenvector
~K generalized stiffness matrix of the elec-

tro-mechanical integrated system before
damage

~K
d

generalized stiffness matrix of the elec-
tro-mechanical integrated system after
damage

Ks stiffness matrix of the mechanical struc-
ture before damage

Kd
s stiffness matrix of the mechanical struc-

ture after damage
~K

e

j elemental stiffness matrix of the jth
element positioned within the global
stiffness matrix ~K

Kc coupling term between the mechanical
and electrical fields

Kp inverse capacitance matrix of the piezo-
electric circuitry network

L inductance matrix of the piezoelectric
circuitry network

L� critical inductances to accomplish pairs
of close eigenvalues

~M generalized mass matrix of the electro-
mechanical integrated system

Ms mass matrix of the mechanical structure
only

q displacement vector of the mechanical
structure

Q electrical charge flow vector in the circuit
S
ð1Þ
k coefficient of the first-order perturbation

term for the kth system eigenvalue
S
ð2Þ
k coefficient of the second-order perturba-

tion term for the kth system eigenvalue
aj stiffness parameter of the jth element

(value of 1.0 denotes no damage in that
element)

daj damage-induced stiffness parameter var-
iation of the jth element

da vector of elemental stiffness parameter
variation

dli change of the ith system eigenvalue due
to the structural damage

dui change of the ith system eigenvector due
to the structural damage

li the ith eigenvalue of the electro-mechan-
ical integrated system before damage

ld
i the ith eigenvalue of the electro-mechan-

ical integrated system after damage
ui the ith eigenvector of the healthy inte-

grated electro-mechanical system
ud

i the ith eigenvector of the damaged
integrated electro-mechanical system
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in the structure will change the structural properties (mass, stiffness and damping) and these changes will
result in changes in the dynamic characteristics of the global system response, such as natural frequencies,
damping ratios and mode shapes. Typically, since the measurement of natural frequencies (eigenvalues) and
frequency response functions is quite straightforward [5,6], the damage detection schemes that require only the
measurement of natural frequencies (hereafter referred to as the frequency-shift-based methods [7]) are
considered to be the easiest to implement, which is a significant advantage especially for complex structures.

The current practice of frequency-shift-based damage identification methods, nevertheless, has severe
limitations. For example, one problem is that the natural frequencies can be relatively insensitive to damage
occurrence. To address this issue, Ray and Tian [8] introduced the concept of sensitivity enhancing control
(SEC) to increase modal frequency sensitivity to damage. The feedback control law is designed by placing the
closed-loop modal frequencies at appropriate locations so that their sensitivities toward mass or stiffness
damage can be enhanced. Later, this concept was experimentally validated on a cantilevered beam [9] and
extended to multi-input systems [10]. Another serious limitation of the traditional frequency-shift-based
damage identification method is that the number of natural frequencies that can be accurately measured is
normally much smaller than the number of system parameters required to completely characterize the damage.
To address this issue, several methods have been proposed in the literature. Cha and Gu [11] and Nalitolela
et al. [12] introduced a mass/stiffness addition technique to enrich the modal information measurement.
However, the direct addition of mass/stiffness to a structure might be very difficult to implement for many
practical applications. To overcome this difficulty, Lew and Juang [13] proposed an active control approach
by using a virtual passive controller to enrich modal frequency measurement. Specifically, different feedback
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controllers are incorporated to generate additional closed-loop natural frequencies. Koh and Ray [10] also
addressed this issue by utilizing multiple closed-loop systems that can lead to a much enlarged dataset of
frequency measurement.

Recently, an alternative approach utilizing piezoelectric transducer circuitry with tunable inductance to
enrich frequency measurement data has been proposed by Jiang et al. [14]. The key idea is to use a tunable
piezoelectric circuitry coupled to the mechanical structure to favorably alter the dynamics of the electro-
mechanical integrated system. First, the circuitry can be tailored to change the system frequency/modal
distribution by introducing additional resonant frequencies and vibration modes. Second, through tuning the
circuitry elements (i.e., the inductors), one can obtain a much enlarged dataset consisting of a family of
frequency response functions (under different circuitry tunings) as compared to the original single frequency
response of the mechanical structure without circuit. It has been shown that this method could have the
potential of more completely and accurately characterizing the variation of system dynamic response due to
damage. The variable inductance can be easily achieved by utilizing synthetic inductors [15–19]. The
advantages of synthetic inductors, including small size, low power, high accuracy and wide range of tuning,
make for the practical realization of the proposed damage identification enhancement approach. This
approach is analogs to adding extra mechanical spring–mass elements to the structure [11,12]. However,
electrical tailoring with variable circuitry is much easier to implement than mechanical tailoring in real
systems. On the other hand, compared with the schemes based on active feedback control [10,13], while the
system presented in Ref. [14] also requires attachment of additional physical element (i.e., piezoelectric
transducers) to the structure, it does not require a complex sensor–actuator–controller architecture and
significant external energy source.

2. Problem statement, objective, and approach overview

Although promising features of the tunable piezoelectric circuitry have been illustrated in the
previous study [14], the fundamental issue on how to tune the inductance in the circuit to yield the
optimal damage identification performance has not been investigated in a systematic manner. The
objective of this research is to address this issue and advance the state-of-the-art of utilizing tunable
piezoelectric circuitry for damage identification enhancement. Specifically, we will study the underlying
mechanism of system dynamics variation under various circuitry inductance tunings. In this paper,
it will be shown that eigenvalue curve veering can be accomplished by properly tuning the circuitry
inductance. The occurrence of eigenvalue curve-veering produces an inductance tuning range in
which high sensitivity of damaged-induced eigenvalue change with respect to inductance variation can be
expected. Therefore, by tuning the inductance inside the curve-veering range, one may obtain a series of
frequency response functions that could reflect the damage occurrence more thoroughly. Moreover,
when multiple tunable piezoelectric transducer circuitries are integrated to the mechanical structure,
multiple eigenvalue curve veering can be simultaneously accomplished, and the possibility of accomplishing
curve veering between different pairs of system eigenvalues provides us with more flexibility in
inductance tuning. It will then be shown that, to best characterize the damage occurrence, the
favorable inductance tuning sequence should be selected as that it leads to a ‘‘comprehensive’’ set of
eigenvalue curve veering, i.e., all measurable natural frequencies undergo curve veering at least
once. Throughout this research, an iterative second-order perturbation based algorithm is used to
identify the locations and severities of the structural damages based on the frequency measurements
before and after the damage occurrence. Numerical analyses on benchmark beam and plate
structures demonstrate that the performance of damage identification can be significantly improved by using
the variable piezoelectric transducer circuitry network with the inductance tuning method proposed in this
research.

3. Damage identification using tunable piezoelectric transducer circuitry network

When a network of piezoelectric transducer circuitry with tunable inductors is integrated to a
structure to form an electro-mechanical integrated system, the equations of motion of the integrated system
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can be written as [20–23]

Ms 0

0 L

� � €q
€Q

( )
þ

C 0

0 R

� � _q
_Q

( )
þ

Ks Kc

KT
c Kp

" #
q

Q

( )
¼

Fd

0

� �
, (1)

where q is the displacement vector of the structure, Q is the electrical charge flow vector in the circuit, Ms, C,
and Ks are the mass, damping and stiffness matrices of the mechanical structure, respectively, L, R, and Kp are
the inductance, resistance, and inverse capacitance matrices of the circuit, respectively, Kc is the coupling term
between the mechanical and electrical fields, and Fd is the external disturbance/excitation. The generalized
mass and stiffness matrices of the electro-mechanical integrated system can be written as

~M ¼
Ms 0

0 L

� �
; ~K ¼

Ks Kc

KT
c Kp

" #
. (2a,b)

Neglecting damping, we can obtain the eigenvalue problems of the integrated system associated with the
undamaged (healthy) structure and damaged structure, respectively,

ð�li
~Mþ ~KÞui ¼ 0, (3)

ð�ld
i
~M

d
þ ~K

d
Þud

i ¼ 0, (4)

where li and ui are the ith eigenvalue and eigenvector of the undamaged system, respectively, and ld
i , ud

i are

the ith eigenvalue and eigenvector of the damaged system, respectively. In this research, we are concerned with
the structural damage that only induces the change of structural stiffness. Thus,

~M
d
¼ ~M; ~K

d
¼ ~Kþ d ~K. (5a,b)

Assuming that the damage results in eigenvalue change dli and eigenvector change dui, we then have

ld
i ¼ li þ dli; ud

i ¼ ui þ dui. (6a,b)

Substituting Eqs. (5a,b) and (6a,b) into Eq. (4) and neglecting the high-order terms, we can obtain a
first-order approximation

dl i ¼ ðuiÞ
Td ~KðuiÞ. (7)

In a finite element model, the change of the global stiffness matrix can be expressed as the summation of
elemental stiffness matrix changes,

d ~K ¼
Xne

j¼1

daj � ~K
e

j , (8)

where ~K
e

j is the elemental stiffness matrix of the jth element positioned within the generalized stiffness matrix

of the integrated system ~K, and daj ¼ ad
j � ah

j denotes the damage-induced stiffness parameter variation of the

jth element.
Collecting all the available changes of the respective eigenvalues, we may formulate a first-order

sensitivity based equation relating the vector of damage-induced eigenvalue changes (dk) to the vector of
damage-induced stiffness parameter variation (da) as follows:

dk ¼ S � da, (9)

where dk ¼ dl 1 dl 2 � � � dl m

� �T
in which m is the number of measured (available) natural frequencies of

the integrated system, da ¼ ½ da1 da2 � � � dane �
T in which ne is the number of structural elements in the

finite element model, and S 2 Rem�ne is the first-order sensitivity matrix whose elements can be calculated by
using the following equation:

Sði; jÞ ¼ ðuiÞ
T ~K

e

j ðuiÞ. (10)
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Since in general, the number of measured frequencies (m) is much smaller than the number of structural
elements, ne, Eq. (9) is a significantly underdetermined problem.

One of the key features of integrating tunable piezoelectric transducer circuitry to the structure is
that we will be able to obtain multiple frequency response functions (with different inductances) and their
changes due to (the same) damage, which leads to a much enlarged dataset for damage detection and
identification. Let the inductances in the piezoelectric transducer circuitry network be tuned to form a
sequence LðiÞði ¼ 1; 2; � � � ; nÞ

Lð1Þ

Lð2Þ

..

.

LðnÞ

2
66664

3
77775 ¼

L
ð1Þ
1 L

ð1Þ
2 � � � Lð1Þp

L
ð2Þ
1 L

ð2Þ
2 � � � Lð2Þp

..

. ..
. ..

. ..
.

L
ðnÞ
1 L

ðnÞ
2 � � � LðnÞp

2
6666664

3
7777775
, (11)

where the number of columns, p, represents the number of tunable piezoelectric transducer circuitries
integrated to the mechanical structure, and the number of rows, n, represents the number of inductance tuning
sets. A set of simultaneous equations similar to Eq. (9) can then be obtained and these equations can be
written in the matrix form as follows:

dkðLð1ÞÞ

dkðLð2ÞÞ

..

.

dkðLðnÞÞ

2
666664

3
777775 ¼

SðLð1ÞÞ

SðLð2ÞÞ

..

.

SðLðnÞÞ

2
666664

3
777775 � da. (12)

This formulation clearly illustrates the advantage of using tunable piezoelectric circuitry. We can now
significantly increase the number of measurements in eigenvalue changes (or frequency shifts) and thus
increase the number of simultaneous equations that characterize the damage features. In other words, we can
make the problem much less underdetermined.

The main limitation of the above first-order approximation based algorithm is that the information
regarding the change in eigenvectors (mode shapes) is not included, which could deteriorate the accuracy of
damage identification. Recently, Wong et al. [24] developed a general high-order perturbation expression for
eigenvalue problem with changes in stiffness, and the perturbation method is used iteratively in conjunction
with an optimization method to identify the stiffness variations in the structure. In what follows, we use a
second-order perturbation to describe the changes of eigenvalues, which incorporates the prediction of
changes of mode shapes in the derivation. The changes of the kth eigenvalue of the integrated system after
damage occurrence can be expressed as

dlk ¼
Xne

i¼1

qlk

qai

dai þ
Xne

i¼1

Xne

j¼1

q2lk

qaiqaj

daidaj ¼ S
ð1Þ
k daþ daTS

ð2Þ
k da, (13)

where S
ð1Þ
k and S

ð2Þ
k are the coefficients of the first and second-order perturbations for the kth eigenvalue,

respectively,

S
ð1Þ
k ið Þ ¼ ðukÞ

T ~K
e

i ðukÞ, (14)

S
ð2Þ
k ði; jÞ ¼

1

2!
ðukÞ

T
f ~K

e

i D
ð1Þ
k ðjÞ þ

~K
e

jD
ð1Þ
k ðiÞg, (15)

where D
ð1Þ
k ðiÞ is the coefficient vector of the first-order perturbation for the kth mass-normalized eigenvector

duk ¼
Xne

i¼1

quk

qai

dai ¼
Xne

i¼1

D
ð1Þ
k ðiÞdai (16)
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and can be calculated as follows:

D
ð1Þ
k ðiÞ ¼

Xm

j¼1

P
ð1Þ
k ði; jÞuj, (17)

P
ð1Þ
k ði; jÞ ¼

0; j ¼ k;
1

lk�lj
ðujÞ

T ~K
e

i ðukÞ; jak:

(
(18)

For a given set of inductance tuning, Lð0Þ ¼ ½L
ð0Þ
1 L

ð0Þ
2 � � � Lð0Þp �, a second-order perturbation-based

equation can be obtained as

dkðLð0ÞÞ ¼

dl1ðLð0ÞÞ

dl2ðLð0ÞÞ

..

.

dlmðL
ð0ÞÞ

8>>>>>><
>>>>>>:

9>>>>>>=
>>>>>>;
¼

S
ð1Þ
1

S
ð1Þ
2

..

.

Sð1Þm

2
66666664

3
77777775
� daþ

ðdaÞTSð2Þ1 ðdaÞ

ðdaÞTSð2Þ2 ðdaÞ

..

.

ðdaÞTSð2Þm ðdaÞ

2
66666664

3
77777775

¼ Sð1ÞðLð0ÞÞ � daþ PfSð2ÞðLð0ÞÞ; dag. ð19Þ

When we tune the inductances to form a sequence as LðiÞði ¼ 1; 2; � � � ; nÞ and perform frequency (eigenvalue)
measurements, correspondingly we may obtain a series of eigenvalue change equations, which, collectively,
lead to a set of equations in the following form:

dkðLð1ÞÞ

dkðLð2ÞÞ

..

.

dkðLðnÞÞ

2
666664

3
777775 ¼

Sð1ÞðLð1ÞÞ

Sð1ÞðLð2ÞÞ

..

.

Sð1ÞðLðnÞÞ

2
666664

3
777775 � daþ

P Sð2ÞðLð1ÞÞ; da
� 	

P Sð2ÞðLð2ÞÞ; da
� 	

..

.

P Sð2ÞðLðnÞÞ; da
� 	

2
6666664

3
7777775
. (20)

For the nonlinear Eq. (20), a constrained optimization can be formulated to find the approximate solution
of da. The objective of the constrained optimization is to minimize the norm of the difference between the
actual eigenvalue change (dkactual) from the frequency response measurement, and dk(da), the eigenvalue
change due to the estimated stiffness parameter variation da, in the following manner:

Minimize dkðdaÞ � dkactual


 

, (21)

subject to : �1odaj � 0; where j ¼ 1; 2; . . . ; ne.

The perturbation method is used iteratively in conjunction with the constrained optimization scheme, which
yields an iterative second-order sensitivity-based damage identification algorithm.
4. Formulation of favorable inductance tuning

A fundamental issue of the proposed tunable piezoelectric circuitry concept is how to tune the inductances
to optimize the improvement of the performance of damage identification. In this section, we present the
guidelines of forming a favorable inductance tuning sequence based on the analysis on how the inductance
tuning affects the characteristics of system dynamics and the damage-induced eigenvalue changes. First, a
benchmark beam structure integrated with a single tunable piezoelectric transducer circuitry is used to obtain
the fundamental understandings of the effects of inductance tuning. Then, a more complicated plate structure
integrated with multiple piezoelectric transducer circuitries is studied to verify and extend the observations to
multiple inductance tunings.
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4.1. Integrated system with single tunable piezoelectric circuitry

We first study a benchmark example of cantilevered beam integrated with a single tunable piezoelectric
transducer circuitry (Fig. 1). A circuit with tunable inductor is integrated to a homogenous cantilevered beam
through the piezoelectric transducer, which is bonded on the upper surface of the beam from x1 to x2. Using
Galerkin’s method to discretize the partial differential equations, we can obtain a set of ordinary differential
equations in the form of Eq. (1) [21].
4.1.1. Simplified 2-dof system analysis

If only the first mode is used in the Galerkin’s method, the integrated system can be modeled as a 2-dof
system and the eigenvalue problem of this simplified system is given as

k11 kc

kc kp

" #
� l i

m11 0

0 L

� � !
fuig ¼

0

0

� �
, (22)

which yields two eigenvalues,

l1;2 ¼
ðk11Lþ kpm11Þ �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðk11L� kpm11Þ

2
þ 4m11Lk2

c

q
2m11L

. (23)

The difference between these two eigenvalues is

l1 � l2 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðk11L� kpm11Þ

2
þ 4m11Lk2

c

q
m11L

. (24)

From Eq. (24) we can derive and conclude that the difference of the two eigenvalues reaches its minimum
or, in other words, the two eigenvalues are the closest, when the inductance takes the value of

L� ¼
kpm11

k11

1

1� 2k2
c

�
ðk11kpÞ

 !
. (25)
Fig. 1. Configuration of a cantilevered beam integrated with a single tunable piezoelectric transducer circuitry.

Table 1

System parameters for the integrated system of beam structure

Cantilever beam Piezoelectric material

Density rb ¼ 2700kg/m3 Density rp ¼ 7800kg/m3

Length Lb ¼ 0.4184m Young’s modulus Ep ¼ 6.6� 1010N/m2

Thickness hb ¼ 3.175mm Thickness hp ¼ 0.191mm

Width b ¼ 0.0381m Dielectric constant b33 ¼ 7.1445� 107Vm/C

Young’s modulus Eb ¼ 7.1� 1010N/m2 Piezoelectric constant h31 ¼ 1.0707� 109N/C
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Fig. 2. System eigenvalues versus the normalized inductance when using the simplified 2-dof system model for the integrated beam system.

—— l1, – – – – l2.
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This is referred to as the ‘‘critical’’ inductance value in this paper. If we assume that k2
c � k11kp, Eq. (25) can

be simplified as

L� 	
kpm11

k11
. (26)

Let the left and right ends of the piezoelectric transducer be x1 ¼ 0.04184m and x2 ¼ 0.08368m. All other
system parameters of this illustrative case are specified in Table 1. The variation of the two system eigenvalues
with respect to the inductance tuning is plotted in Fig. 2. In this figure, the horizontal axis denotes the
normalized inductance x, which is defined as the ratio between the actual inductance to the critical inductance
L� given in Eq. (26),

x ¼
L

L�
¼

L

ðkp �m11Þ=k11
. (27)

From Fig. 2, we can see that the loci of the two eigenvalues approach each other in the first stage, and then
diverge abruptly when we continuously increase the inductance. This phenomenon of rapid changes of system
eigenvalues with respect to the system parameter (inductance L) indicates the occurrence of eigenvalue curve
veering [25–28].

Liu [29] examined the derivatives of the eigenvalues and eigenvectors for the phenomena of eigenvalue curve
veering and mode localization. In this paper, we are concerned with the sensitivity of damage-induced
eigenvalue change with respect to inductance tuning, since a favorable tuning of the inductance value should
yield a system in which the eigenvalue change is very sensitive to the damage occurrence (causing stiffness
parameter change). This sensitivity can be expressed as the second-order derivatives of the system eigenvalues
with respect to stiffness parameter (G ¼ EbIb) and inductance (L),

qðdl 1;2Þ

qL
¼

q
qL

ql1;2
qG

dG

 �
¼

q2l1;2
qLqG

dG. (28)

The derivatives of the eigenvalues with respect to stiffness parameter change can be solved as

ql1;2
qG
¼

ql1;2
qk11

qk11

qG
¼

1

2m11
1�

k11L� kpm11ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðk11L� kpm11Þ

2
þ 4m11Lk2

c

q
2
64

3
75 qk11

qG
. (29)
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Substituting Eq. (29) into Eq. (28), we can obtain the derivative of damage-induced eigenvalue
changes (dl1 and dl2) with respect to inductance (L) as

qðdl1;2Þ
qL

¼ �
Lk11k2

c þm11kpk2
c

ðk11L� kpm11Þ
2
þ 4m11Lk2

c

� �3=2 qk11

qG
dG

 �
. (30)

For a specific damage scenario, ðqk11=qGÞdG on the right-hand side of Eq. (30) is fixed, and the inductance
value which yields the maximum of qðdl1;2Þ=qL can be easily solved by letting the derivative of the fraction

part on the right-hand side of Eq. (30) with respect to the inductance (L) be zero,

L� ¼
m11kp

2k11
9�

10k2
c

k11kp

þ
k4

c

k2
11k2

p

 !1=2

� 1�
k2

c

k11kp

 �2
4

3
5. (31)

If we assume that k2
cpk11kp, Eq. (31) can be simplified as

L� 	
kpm11

k11
. (32)

Assuming that the damage-induced stiffness reduction is dG ¼ �0:15G, we can plot the derivative of the
damage-induced eigenvalue changes (dl1 and dl2) with respect to inductance (L), as shown in Fig. 3. From this
figure, we can see that the sensitivities of the two eigenvalue changes with respect to inductance reach their
maximal absolute values when the inductance is tuned near the critical value, L� ¼ kp �m11=k11, and the

sensitivities decreases dramatically when the inductance is tuned away from this critical value. Recall Eq. (26)
and note that eigenvalue curve veering occurs when the inductance is tuned around L� ¼ kp �m11=k11 (Fig. 2).

We can conclude that the occurrence of eigenvalue curve veering not only suggests rapid changes of system
eigenvalues (characteristics of system dynamics) with respect to inductance tuning, but also produces an
inductance tuning range in which high sensitivity of damaged-induced eigenvalue changes with respect to
inductance tuning can be expected. Therefore, when the inductance is tuned near L�, multiple sets of
frequency-shift measurements with different sensitivity relations to the potential damage can be obtained. This
can greatly enrich the frequency data available for damage identification and help to more completely capture
the information about the damage occurrence.
Fig. 3. Sensitivities of the damage-induced eigenvalue changes with respect to the normalized inductance when using the simplified 2-dof

system model for the integrated beam system. —— qðdl1Þ=qL, – – – – qðdl2Þ=qL.
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Fig. 4. System eigenvalues versus inductance when using the multiple-dof system model for the integrated beam system. —— l1, – – – – l2,
l3, l4.
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4.1.2. Multiple-dof system analysis

The above observations for the 2-dof systems are based on the analytical sensitivity analysis of the damage-
induced eigenvalue changes with respect to inductance tuning. In this sub-section we extend this sensitivity
analysis to multi-dof systems. The beam shown in Fig. 1 is now analyzed using finite element analysis,
where the beam is evenly discretized into 10 elements. The piezoelectric transducer is bonded on the upper
surface of the beam from the second element to the fourth element. The relevant system parameters are
specified in Table 1.

First, we examine how the inductance tuning alters the characteristics of system dynamics (i.e., system
eigenvalues). Fig. 4 shows the variations of the first four system eigenvalues with respect to inductance tuning.
From this figure, we can see that eigenvalue curve veering occurs between each two consecutive system
eigenvalues from low mode to high mode when the inductance is tuned from 1500H down to 0.3H. In each
eigenvalue curve veering, only the two associated system eigenvalues change dramatically with respect to
inductance tuning, while other system eigenvalues are hardly affected. Meanwhile, as a well-known
phenomenon associated with the curve veering, during the eigenvalue curve veering the eigenvectors
corresponding to the veering eigenvalues will interchange in a rapid but continuous way [25,26].

It has been shown that for the 2-dof system (Figs. 2 and 3) the occurrence of eigenvalue curve veering is
realized by an inductance tuning range with high sensitivity of damage-induced eigenvalue changes. In order
to examine the case of a multiple-dof system, we calculate the sensitivities of the damage-induced eigenvalue
changes with respect to inductance L, as plotted in Fig. 5 where (a)–(c) correspond to the first, second and
third eigenvalue changes, respectively. The structural damage is assumed to be on the second beam element
and the damage causes a 25% stiffness reduction. As shown in Fig. 5(a), there is only one peak region
indicating high sensitivity of the first eigenvalue change with respect to inductance tuning, and this region
corresponds to eigenvalue curve veering between the first and second system eigenvalues. In Fig. 5(b), two
peak regions with high sensitivity of eigenvalue change with respect to inductance tuning are found, and it is
easy to verify that these two regions correspond to the eigenvalue curve veering between two pairs of system
eigenvalues (the first and second, and the second and third), respectively. Similar conclusion can be drawn in
Fig. 5(c), where two peak regions with high sensitivity are achieved when the third system eigenvalue has curve
veering with the second and fourth system eigenvalues.

Fig. 6 shows the variation of the damage-induced eigenvalue changes with respect to inductance tuning
when the second element is damaged with a 25% stiffness reduction. If the inductance is tuned around each of
the eigenvalue curve-veering value, the damage-induced changes of the two system eigenvalues associated with
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Fig. 5. Sensitivities of the damage-induced eigenvalue changes with respect to inductance when using the multiple-dof system model for

the integrated beam system: (a) sensitivity of the first eigenvalue change; (b) sensitivity of the second eigenvalue change; (c) sensitivity of

the third eigenvalue change.
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the two loci in that curve veering vary significantly with respect to inductance. Therefore, if the inductance is
tuned around values corresponding to eigenvalue curve veering, multiple sets of frequency-shift measurement
with dramatically different sensitivity relations to the damage can be obtained. Again this will greatly enrich
the modal data measurement available for damage identification.

4.2. Integrated system with multiple tunable piezoelectric circuitries

The previous example concerns the integration of a single tunable piezoelectric circuitry onto a
homogeneous beam structure. For more complicated structures, it can be envisioned that multiple
tunable circuitries could be more beneficial for damage identification. In this sub-section, we use a
plate structure, as shown in Fig. 7, to explore the tuning of multiple tunable piezoelectric transducer
circuitries. For this benchmark plate, the left edge of the plate is clamped and the other three edges
have free boundary conditions. The plate is discretized into 25 elements, and the element numbers are labeled
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Fig. 6. Variation of the damage-induced eigenvalue changes with respect to inductance when using the multiple-dof system model for the

integrated beam system. —— dl1, – – – – dl2, dl3, dl4.

Fig. 7. Configuration of a cantilevered plate integrated with multiple tunable piezoelectric transducer circuitries.

Table 2

System parameters for the integrated system of plate structure

Plate structure Piezoelectric material

Density rs ¼ 2700 kg/m3 Density rp ¼ 7800 kg/m3

Length a ¼ 0.25m Young’s modulus Ep ¼ 6.9� 1010N/m2

Width b ¼ 0.25m Thickness hp ¼ 0.25mm

Thickness hs ¼ 5mm Dielectric constant b33 ¼ 7.1445� 107Vm/C

Young’s modulus Es ¼ 30� 109N/m2 Piezoelectric constant h31 ¼ 7.664� 108N/C

Element size 5 cm� 5cm Patch size 5cm� 5cm
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as shown in the figure. Three piezoelectric transducers are bonded onto the 7th, 13th and 19th elements,
respectively. Each piezoelectric transducer patch has a size of 5 cm� 5 cm. Three piezoelectric circuitries
with tunable inductances (L1, L2 and L3) are integrated to the plate structure through three piezoelectric
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transducers, respectively. The parameters of the system including the plate structure and piezoelectric material
are listed in Table 2.

In the case of single piezoelectric circuitry, only one eigenvalue curve veering can be achieved
under certain inductance tuning, and all other eigenvalues are much less affected. On the other hand,
multiple piezoelectric transducer circuitries make it possible for multiple pairs of system eigenvalues
to achieve curve veering simultaneously. Such multiple curve-veering phenomena could further
enhance the system response sensitivity with respect to inductance tunings. When multiple piezoelectric
circuitries are integrated with the mechanical structure, these circuitries are not only directly coupled
with the mechanical structure, but also coupled indirectly with other circuitries through energy exchange
within the entire electro-mechanical integrated system. In other words, when tuning the inductance in one
electric circuit, the interactions between the mechanical structure and other electric circuitries are also
affected even if the inductances in those circuitries remain the same. Therefore, it is not feasible to tune each of
the inductances separately. We need to tune these inductances simultaneously to achieve the desired
set of eigenvalue curve veering concurrently. Since there are three tunable piezoelectric transducer
circuitries in this plate example, these circuitries can be tuned to accomplish at least three eigenvalue curve
veering. In each curve veering, one additional resonance frequency, due to the dynamics of one piezoelectric
circuitry, is introduced into the frequency response function near the structural resonance frequency
corresponding to that veering.

Typically, clustered eigenvalues or close natural frequencies in a dynamic system are related to
eigenvalue curve veering [25–29]. Indeed, the occurrence of close eigenvalues is an indication of
eigenvalue curve veering and thus can be used as the criterion for tuning the inductances to realize
multiple eigenvalue curve-veering phenomena. In this research, an optimization scheme is formulated
to find the critical values of three inductances L�1; L�2; L�3

� �
which yield three pairs of close eigenvalues.

That is, three eigenvalue curve veerings are realized simultaneously when the inductances are
tuned around their respective critical values. The objective function to be minimized is defined
as the summation of the difference between each pair of system eigenvalues that are targeted for eigenvalue
curve veering.

4.2.1. Option 1 of inductance tuning

The integrated system has a large number of eigenvalues/natural frequencies, which can all be potential
candidates for eigenvalue curve veering. We first formulate an optimization problem to find the critical values
of three inductances to achieve eigenvalue curve veering between the 1st and 2nd eigenvalues, the 3rd and 4th
eigenvalues, and the 5th and 6th eigenvalues, respectively, and simultaneously. The objective function is
defined as

J1 ¼
X3
i¼1

l2i�1 � l2ij j. (33)

By using the standard constrained minimum subroutine, FMINCON, provided by MATLAB, the
minimization of the above objective function yields the following critical inductance values:

L�1 ¼ 84:6 H; L�2 ¼ 1:91 H; L�3 ¼ 14:5 H: (34)

Utilizing the above critical values as center values and expanding the inductance on both sides by 20.0H,
0.5H and 4.0H, respectively, the tuning ranges for the three inductances can be formulated as

L1 2 64:6 H; 104:6 H½ �; L2 2 1:41 H; 2:41 H½ �; L3 2 10:5 H; 18:5 H½ �. (35)

Fig. 8 shows the variation of the first six eigenvalues with respect to inductance tuning. The
horizontal axis only shows the change of the inductance L3, while it should be noted that inductances L1

and L2 are actually tuned synchronously when tuning L3. (This statement holds for all the following
figures in the same category.) It is shown in this figure that three eigenvalue curve veerings occur
between the 1st and 2nd eigenvalues, the 3rd and 4th eigenvalues, and the 5th and 6th eigenvalues,
respectively and simultaneously. Fig. 9 shows the variation of the damage-induced eigenvalue
changes with respect to inductance tuning inside the proposed inductance tuning ranges. The
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Fig. 9. Variation of the damage-induced eigenvalue changes with respect to inductance L3 for the integrated plate system when using

option 1 of inductance tuning. (�dl1), —— (�dl2), (�dl3), – – – – (�dl4), (�dl5), (�dl6).

Fig. 8. System eigenvalues versus inductance L3 for the integrated plate system when using option 1 of inductance tuning. l1,
—— l2, l3, – – – – l4, l5, l6.
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structural damages are assumed to result in 20%, 30%, 10%, and 20% of stiffness parameter
reductions on the 6th, 11th, 12th, and 16th elements, respectively. It can be easily observed from the figure
that the damage-induced changes of the three eigenvalue pairs vary significantly around the curve veering
values of the inductances.

4.2.2. Option 2 of inductance tuning

In order to examine the general effect of eigenvalue curve veering, here we investigate an alternative option
of inductance tuning, i.e., we aim at achieving eigenvalue curve veering between the 3rd and 4th eigenvalues,
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Fig. 10. System eigenvalues versus inductance L3 for the integrated plate system when using option 2 of inductance tuning. l3,
—— l4, l5, – – – – l6, l7, l8.

Fig. 11. Variation of the damage-induced eigenvalue changes with respect to inductance L3 for the integrated plate system when using

option 2 of inductance tuning. (�dl3), —— (�dl4), (�dl5), – – – – (�dl6), (�dl7), (�dl8).
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the 5th and 6th eigenvalues, and the 7th and 8th eigenvalues, respectively and simultaneously. The objective
function is then defined as

J2 ¼
X3
i¼1

l2iþ1 � l2iþ2

�� ��. (36)

The minimization of the above objective function yields

L�1 ¼ 0:96 H; L�2 ¼ 1:25 H; L�3 ¼ 1:91 H. (37)
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The tuning ranges for three inductances can be determined as

L1 2 ½0:51 H; 1:41 H�; L2 2 ½0:65 H; 1:85 H�; L3 2 ½1:16 H; 2:66 H�. (38)

The variation of the 3rd, 4th, 5th, 6th, 7th and 8th system eigenvalues with respect to inductance tuning
inside the proposed tuning ranges are shown in Fig. 10. It can be observed from this figure that the eigenvalue
curve veering are achieved not only between those desired pairs of system eigenvalues (the 3rd and 4th, the 5th
and 6th, and the 7th and 8th), but also between the 4th and 5th, and the 6th and 7th system eigenvalues. The
reason for this phenomenon is that the three circuitry modes are tuned to accomplish curve veerings with
three twisting-bending modes (3rd–5th) of the plate structure, and the resonance frequencies of these
twisting-bending modes are close to each other, which makes the veering more sensitive to inductance tuning.
As a result, it now becomes possible for one eigenvalue to veer with its two adjacent eigenvalues successively
inside the inductance tuning ranges.

For the same damage scenario as used in Fig. 9, the variations of the damage-induced eigenvalue changes
with respect to inductance tuning inside the tuning ranges are plotted in Fig. 11. It can be easily seen that the
variation of the damage-induced eigenvalue changes is more noticeable than that in Fig. 9 (produced under
tuning option 1), and the reason for this is that additional eigenvalue veerings occur under tuning option 2, as
shown in Fig. 10. Overall, we can conclude that by integrating multiple tunable piezoelectric transducer
circuitries to the mechanical structure being inspected, the frequency measurement data available for damage
identification can be further enriched by formulating inductance tuning sequence to accomplish eigenvalue
curve veering between different pairs of system eigenvalues.

5. Damage identification analyses and case studies

The preceding sections have outlined the basis of eigenvalue curve veering under inductance tuning and
illustrated such phenomena. In this section, we perform analyses on damage identification in beam and plate
structures to demonstrate the performance improvement with the proposed new methodology. Specifically, we
will directly utilize the favorable inductance tuning results obtained in Section 4.

5.1. Damage identification in cantilevered beam with single tunable piezoelectric circuitry

In order to illustrate the performance improvement of using tunable piezoelectric transducer circuitry
network and verify the guidelines on favorable inductance tuning obtained in Section 4, here we compare the
damage identification results under three different approaches: (1) the traditional method (iterative second-
order perturbation-based algorithm without integration of tunable piezoelectric circuitry); (2) the enhanced
integrated-system approach (iterative second-order perturbation-based algorithm with integration of tunable
piezoelectric circuitry) with ad hoc inductance tuning; and (3) the enhanced integrated-system approach with
the proposed favorable inductance tuning method. For a fair comparison, we assume that only the frequencies
below 1000 rad/s are available for accurate measurement. This means that only the first two natural
frequencies can be measured for damage identification when we use the traditional method without tunable
piezoelectric circuitry, and only the first three natural frequencies, of which the additional one comes from the
dynamics of the piezoelectric circuitry, are available when using the enhanced integrated-system approach.
According to the analysis and results obtained in Section 4.1, a favorable inductance tuning sequence can be
selected as follows:

L ¼ 7:50 7:75 8:00 8:25 8:50 225 250 275 300 325
� �

H. (39)

In the above tuning sequence, the first 5 values are selected from the curve veering between the 2nd and 3rd
system eigenvalues, and the last 5 values are selected from the curve veering between the 1st and 2nd system
eigenvalues. It is worth mentioning that the large inductance values may be realized by the well-developed
synthetic inductor concepts [15–19]. These electronic devices can provide a wide range of inductance tuning up
to thousands of Henries, with high accuracy and high robustness against system and environmental variations.

The first case we examine is to identify single element damage. The damage in the beam is assumed to be
on the 2nd element and results in a 25% stiffness reduction. Fig. 12 shows the predictions of structural damage
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Fig. 13. Identification of structural damages on the second and fifth elements of the beam structure. Actual stiffness parameter

reduction, prediction using the traditional method, prediction using the enhanced integrated-system approach with ad hoc

inductance tuning, prediction using enhanced integrated-system approach with favorable inductance tuning.

Fig. 12. Identification of structural damage on the second element of the beam structure. Actual stiffness parameter reduction,

prediction using the traditional method, prediction using the enhanced integrated-system approach with ad hoc inductance tuning,

prediction using the enhanced integrated-system approach with favorable inductance tuning.
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by using the traditional method and the enhanced integrated-system approach with ad hoc and favorable induct-
ance tuning. From this figure, we can see that the prediction using the traditional method has significant error
because the major damage is predicted to be on the 3rd element and the predicted damage severity of the 2nd
element is much less than the actual value. When the enhanced integrated-system approach with tunable
piezoelectric circuitry is used, no obvious improvement is observed in the case of ad hoc inductance tuning
( ~Li ¼ ð100þ 10� iÞ H; i ¼ 1; 2; � � � ; 10), while a quite accurate prediction is achieved when using the favorable

inductance tuning. This clearly demonstrates the necessity of employing the proposed tuning methodology.
In order to quantitatively evaluate the performance of damage identification using different methods, we

define a performance metric as the root-mean-square difference (RMSD) between the predicted stiffness
parameter reduction using one specific method (dap) and the actual damage-induced stiffness parameter
reduction (daa),

RMSDð%Þ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðdap � daaÞ

T
ðdap � daaÞ

ðdaaÞ
T
ðdaaÞ

s
� 100. (40)
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For the example of damage identification shown in Fig. 12, the prediction obtained from the traditional
method results in a RMSD error of 92%, and the predictions obtained from the enhanced integrated-system
approach with ad hoc inductance tuning and favorable inductance tuning have RMSD errors of 73% and 2%,
respectively.

In a second example, we detect multiple element damages and the result is shown in Fig. 13, where the
actual structural damages are assumed to be on the 2nd and 5th elements with 25% and 15% damage-induced
stiffness reductions, respectively. Neither the traditional method nor the enhanced integrated-system approach
with ad hoc inductance tuning gives an accurate prediction of the actual damage situation. When the enhanced
integrated-system approach with the favorable inductance tuning is used, both the locations and severities of
the two damages are accurately predicted. In terms of the RMSD error of the different methods, the prediction
obtained from the traditional method results in a RMSD error of 60%, and the predictions obtained from the
enhanced integrated-system approach with ad hoc inductance tuning and favorable inductance tuning have
RMSD errors of 45% and 5%, respectively.

Since measurement noise is inevitable in practical applications, it is necessary to investigate the effects of
measurement noise on the damage identification performance of the proposed approach. The effects of measurement
noise on the measured eigenvalues (natural frequencies) can be simulated using the following equation:

~k
d
¼ kd

þ vRkd , (41)

where ~k
d
is the noise-contaminated eigenvalues, kd is the noise-free eigenvalue, R is a diagonal matrix whose

diagonal entries are independently, uniformly distributed random numbers in the interval of �1; 1½ �, and v

represents the noise level. The noise-contaminated eigenvalue measurement with two different noise levels,
v ¼ 1.0% and 2.0%, are used to identify the same damage scenario as given in Fig. 13, and the damage
identification results are shown in Fig. 14. Compared with the result using noise-free eigenvalue measurement,
the inclusion of measurement noise in the measured eigenvalues only leads to small variations in the damage
identification results. In other words, the overall damage characteristics (locations and severities) are still
successfully identified.

5.2. Damage identification in the cantilevered plate with tunable piezoelectric circuitry network

In this second case study, we will examine the performance improvement of using multiple tunable
piezoelectric circuitries to detect damages in a more complicated plate structure, and we also compare the
damage detection performance by using different tuning options. In this example, we assume that only the
Fig. 14. Comparison of damage identification results using noise-free and noise-contaminated eigenvalues of the integrated beam system.

The damages are assumed to cause 25% and 15% stiffness reduction on the second and fifth elements, respectively. Actual stiffness

parameter reduction, prediction using noise-free eigenvalues, prediction using noise-contaminated eigenvalues (v ¼ 1.0%),

prediction using noise-contaminated eigenvalues (v ¼ 2.0%).
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frequencies under 4000 rad/s are available for accurate measurement. Therefore, only the first five natural
frequencies can be used for damage identification when we use the traditional method without tunable piezoelectric
circuitry, and only the first eight natural frequencies, of which the additional three come from the inductance circuit
connected to the piezoelectric transducer, are available when using the enhanced method with integration of tunable
piezoelectric circuitry. According to the two tuning options derived in the previous section, the first set of inductance
tuning sequence can be selected from the inductance tuning ranges obtained for tuning option 1,
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A second set of inductance tuning sequence is selected from the inductance tuning ranges obtained for
tuning option 2
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As showing in Figs. 8 and 10, respectively, each set of the inductance tuning sequence formulated above achieves
one set of eigenvalue curve veering between different pairs of system eigenvalues, and the ability of accomplishing
multiple sets of eigenvalue curve veering is exactly the additional benefit offered by integrating multiple piezoelectric
circuitries. Therefore, to utilizing multiple sets of eigenvalue curve veering to further enrich the frequency
measurement data for damage detection, the inductances should be tuned according to a combined inductance tuning
sequence, which can be obtained by assembling the two sets of inductance tuning sequences in Eqs. (42) and (43),
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Table 3

Natural frequencies of the integrated plate system with respect to inductance tuning

Inductance (H) System natural frequencies (rad/s)

L1 L2 L3 o1 o2 o3 o4 o5 o6 o7 o8

78.6 1.51 14.00 281.46 299.38 698.57 704.98 1900.0 2132.4 2385.8 2700.2

81.6 1.61 14.15 280.70 294.64 697.85 702.14 1898.9 2070.5 2381.2 2700.2

84.6 1.71 14.30 279.34 290.76 694.98 701.43 1896.6 2014.0 2378.4 2700.0

87.6 1.81 14.45 277.11 288.05 692.10 700.71 1891.0 1964.7 2376.8 2700.0

90.6 1.91 14.60 273.99 286.44 688.48 700.71 1874.8 1930.3 2375.3 2700.0

0.51 0.65 1.16 283.23 699.86 1901.6 2331.1 2471.8 2700.9 3279.3 3689.9

0.71 0.95 1.56 283.23 699.86 1900.0 2101.9 2358.0 2698.3 2725.6 3130.8

0.91 1.25 1.96 283.23 699.86 1866.8 1912.1 2295.4 2434.7 2695.7 2771.6

1.16 1.55 2.36 283.23 699.86 1710.6 1901.1 2107.1 2373.0 2460.3 2701.5

1.41 1.85 2.66 283.23 699.86 1612.5 1887.1 1948.6 2215.6 2383.3 2700.7
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Fig. 15. Identification of damages on the 11th, 16th and 21st elements of the plate structure with 10%, 15% and 20% stiffness parameter

reductions, respectively. Actual stiffness parameter reduction, prediction using the traditional method, prediction using the

enhanced integrated-system approach with ad hoc inductance tuning, prediction using the enhanced integrated-system approach with

favorable inductance tuning.

Table 4

Damage-induced natural frequency changes of the integrated plate system with respect to inductance tuning

Inductance (H) Damage-induced natural frequency changes (rad/s)

L1 L2 L3 do1 do2 do3 do4 do5 do6 do7 do8

78.6 1.51 14.00 �7.62 �0.67 �8.64 �0.71 �23.57 �0.94 �7.56 �24.55

81.6 1.61 14.15 �7.18 �1.12 �7.93 �1.43 �23.58 �0.97 �7.78 �24.55

84.6 1.71 14.30 �6.34 �1.95 �5.05 �4.29 �23.08 �1.49 �7.79 �24.37

87.6 1.81 14.45 �4.97 �3.35 �2.89 �6.45 �21.00 �3.06 �8.22 �24.37

90.6 1.91 14.60 �3.29 �5.00 �0.73 �8.62 �14.46 �9.87 �8.01 �24.56

0.51 0.65 1.16 �8.28 �9.28 �24.08 �6.66 �1.62 �24.55 �0.15 �0.27

0.71 0.95 1.56 �8.28 �9.28 �23.83 �0.48 �7.65 �23.82 �1.28 �0.32

0.91 1.25 1.96 �8.28 �9.28 �8.86 �14.96 �4.36 �4.11 �23.85 �1.08

1.16 1.55 2.36 �8.28 �9.28 �0.29 �23.29 �0.95 �6.75 �1.22 �24.36

1.41 1.85 2.66 �8.28 �9.27 �0.31 �19.17 �5.14 �0.68 �7.78 �24.55

The damages are assumed to cause 10%, 15% and 20% stiffness reductions on the 11th, 16th and 21st elements, respectively.
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Unless otherwise specified, hereafter this combined inductance tuning sequence is used as the favorable
tuning sequence in the proposed new method for damage identification.

The variation of the first eight natural frequencies with respect to inductance tuning sequence in Eq. (44) is
shown in Table 3. In the first 5 rows in this table, the first 6 natural frequencies vary significantly with respect
to inductance tuning. This is because the corresponding inductance tuning sequence is selected from tuning
option 1 where eigenvalue curve veering occur between the 1st and 2nd, the 3rd and 4th, and the 5th and 6th
system eigenvalues. In the last 5 rows, the 3rd through the 8th natural frequencies vary significantly with
respect to inductance tuning because the inductance tuning sequence is selected from tuning option 2 where
eigenvalue curve veering occur between the 3rd through the 8th system eigenvalues.

The first example of damage detection is shown in Fig. 15. The actual structural damages, denoted by the
solid black bars in this figure, are assumed to be on the 11th, 16th, and 21st elements with 10%, 15%, and
20% stiffness reductions, respectively. The variation of damage-induced frequency shift with respect to
inductance tuning sequence is shown in Table 4. Compared to only one set of frequency-shifts when using the
traditional method without tunable piezoelectric circuitry, we can now obtain as many sets of frequency-shift
measurement as the number of tuned inductance sequence. As shown in Fig. 15, the prediction by using the
traditional method has significant RMSD error of 86%, which is not acceptable. Although the enhanced
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Fig. 16. Effects of different inductance tuning sequences on the performance of damage identification for the plate structure. Actual

stiffness parameter reduction, prediction using tuning option 1, prediction using tuning option 2, prediction using the combined

tuning option.

Fig. 17. Comparison of damage identification results using noise-free and noise-contaminated eigenvalues of the integrated plate system.

The damages are assumed to cause 30% and 20% stiffness reduction on the first and sixth elements, respectively. Actual stiffness

parameter reduction, prediction using noise-free eigenvalues, prediction using noise-contaminated eigenvalues (v ¼ 0.5%),

prediction using noise-contaminated eigenvalues (v ¼ 1.0%).
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integrated-system approach with ad hoc inductance tuning ( ~L
ðiÞ

1 ¼ ðiÞ H, ~L
ðiÞ

2 ¼ ð2� i � 1Þ H, ~L
ðiÞ

3 ¼

ð3� i � 2Þ H, where i ¼ 1; 2; � � � ; 10) successfully locate all three damaged elements, the predicted damage
severities are not accurate and have a RMSD error of 28%. When the enhanced integrated-system approach
with favorable inductance tuning is used, the three locations of the structural damages are exactly identified,
and the predicted damage severities are very close to the actual stiffness parameter reductions. The RMSD
error of the prediction by using the favorable inductance tuning is only 2%.

In order to further examine the effects of inductance tuning sequence on the performance of damage
detection, the predictions using three different sets of inductance tuning sequences are compared in Fig. 16.
The first set of inductance tuning sequence is selected from tuning option 1, as shown in Eq. (42), the second
set of tuning sequence is selected from tuning option 2, as shown in Eq. (43), and the third set is the
combination of the first two sets, as given by Eq. (44). As shown in the Fig. 16, the locations of the three
damaged elements are accurately predicted by using any set of the inductance tuning sequence. However, the
predicted severities of the three damages have a RMSD error of 22% when using the tuning option 1. When
tuning option 2 is used, the predicted severities are much more accurate and the prediction error in terms of
RMSD decreases to 7%. The performance improvement is not only because the eigenvalue curve veering is
achieved for high-order system eigenvalues which are usually more sensitive to structural damage than low
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eigenvalues, but also because of the more noticeable variation of damage-induced eigenvalue change with
respect to inductance tuning as shown in Fig. 11. Finally, when the combined tuning sequence is used, the
accuracy of the predicted damage severities is further improved with a prediction error of 2%.

The above case study clearly demonstrates the merits of using multiple piezoelectric transducer circuitries
to detect damage. To best benefit the damage identification process, the favorable inductance tuning sequence
for the tunable piezoelectric circuitry network can be formed by accomplishing a ‘‘comprehensive’’ set of
eigenvalue curve veering in the sense that each of the measurable modal frequencies is under curve veering at
least once.

Another case study is performed to illustrate the effects of measurement noise on the performance of
damage identification. As shown in Fig. 17, the noise-free and noise contaminated eigenvalues with noise
levels of v ¼ 0.5% and 1.0%, are used to identify 30% stiffness reduction in the 1st element and 20% stiffness
reduction in the 6th element. The prediction of damages using noise-free eigenvalues matches very well with
the actual damage scenario. When the noise-contaminated eigenvalues are used to perform damage
identification, the two damages are also successfully located and the damage severities are also well predicted.
Therefore, even in the presence of measurement noise, the proposed damage identification method can still
provide a satisfactory prediction of the damage scenario.

6. Conclusion

In this paper, the state-of-the-art of frequency-shift based damage identification method using tunable
piezoelectric transducer circuitry is advanced. Particularly, the inductance tuning criterion that can fully take
advantage of the frequency measurement enrichment feature of the circuitry is established. Our analysis shows
that rapid changes of system eigenvalues with respect to inductance variation occur when eigenvalue curve
veering is achieved. Moreover, in the region of eigenvalue curve veering, high sensitivity of damaged-induced
eigenvalue changes with respect to inductance tuning can be expected. By tuning the inductance around the
curve-veering region, one may obtain a family of frequency response functions that could reflect the damage
occurrence effectively. When multiple tunable piezoelectric transducer circuitries are integrated to the
mechanical structure, multiple eigenvalue curve veering can be simultaneously accomplished, and a series of
inductance tunings can be formed by accomplishing curve veering between different pairs of system
eigenvalues To best characterize the damage occurrence, the favorable inductance tuning sequence should be
selected as that leads to a ‘‘comprehensive’’ set of eigenvalue curve veering, i.e., all measurable resonant
frequencies undergo curve veering at least once. A series of case studies are performed to demonstrate the
tuning criterion and verify the performance improvement in damage identification practices.
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